A Reissner-Mindlin-type modellization of piezoelectric plates is here considered in a suitable variational framework. Both the membranal and the bending behaviour are studied as the thickness of the structure tends to zero. A ÿnite element scheme able to approximate the solution is then proposed and theoretically analysed. Some numerical results showing the performances of the scheme under consideration are discussed.
INTRODUCTION
In recent years, a growing interest towards the study of piezoelectric bodies has been devoted by the engineering practice. The main reason consists in the fact that piezoelectric materials are widely used as sensors and actuators in structure control problems.
In the present paper, we consider a piezoelectric plate, comprised of homogeneous linearly piezoelectric transversely isotropic material (Hermann-Maugin class ∞ mm [1] ), with the axis of transverse isotropy oriented in the thickness direction. Many di erent modelizations of this body are available in the literature (cf. References [2] [3] [4] [5] [6] [7] [8] [9] , for instance). Among them, the one proposed in Reference [10] , based on Reissner-Mindlin kinematical assumptions, is considered in this work. We here analyse such a model in a variational framework, particularly well suited for ÿnite element applications. We are thus led to consider two uncoupled variational problems, namely the membranal and the bending one. The former one was independently formulated in Reference [7] .
We recognize that the membranal problem is in fact elliptic, so that a standard ÿnite element discretization properly works. As far as the bending problem is concerned, we ÿrst re-write the governing equation in such a way that they lead to a symmetric variational formulation. Furthermore, we recognize that we are dealing with a penalization of a constrained problem, the penalization parameter being essentially the plate thickness. We show that a suitable scaling for the electromechanical loads applied to the plate is capable to recover the Kirchho -type model proposed in Reference [11] . Moreover, a mixed formulation, arising from the introduction of the scaled shear stress as independent unknown, is presented. We then pass to discuss the discretization of the problem by means of ÿnite element techniques. We mainly consider the case of bending behaviours, since, as already mentioned, the membranal problem has been recognized to be standard. In particular, a ÿnite element method based on a linking technique (cf. References [12; 13] ) is studied. The main result consists in establishing an error estimate which predicts the convergence of the proposed method when the mesh is reÿned, and uniform in the thickness. We ÿnally present some numerical tests, showing the accordance of the computational performances with the theoretical predictions.
In Appendix A we establish a convergence result referred to in this paper. In Appendix B we report a brief derivation of the piezoelectric plate model proposed in Reference [10] and highlight the hypotheses on which it relies. In Appendix C we present a critical evaluation of this model, through an analytical comparison between the results it supplies and the ones supplied by the Voigt theory of piezoelectricity.
THE PIEZOELECTRIC PLATE MODEL
Let A = × (−t=2; t=2) be a plate-like region, with regular midplane ⊂ R 2 and thickness t¿0. Let italic letters represent scalars, if not otherwise speciÿed; bold italic letters denote elements of the two-dimensional vector space V parallel to ; and bold roman letters denote elements of the space Sym of second-order tensors over V .
The region A is the reference conÿguration of a plate comprised by a homogeneous linearlypiezoelectric transversely isotropic material (Hermann-Maugin class ∞ mm [1] ), with the axis of transverse isotropy oriented in the thickness direction. The constitutive behaviour of such a material is completely described by 10 independent material constants. By adopting a standard notation [1] , the 'closed-circuit' elastic moduli are denoted by c 11 , c 33 , c 44 , c 12 and c 13 ; the 'clamped' permittivity constants are denoted by 11 and 33 ; and the 'closed-circuit=clamped' piezoelectric constants are denoted by e 31 , e 33 and e 15 . In order to guarantee a stable behaviour of the material, these constants are assumed to satisfy the inequalities c 11 ¿0, |c 12 |¡c 11 , 2c The plate is acted upon on its upper and lower faces × {±t=2} by surface in-plane forces P ± , surface normal forces P ± and surface free electric charges ± . For the sake of simplicity, essentially without loss of generality, no body loads are considered and the plate is assumed to be clamped and grounded along its lateral boundary @ × (−t=2; t=2).
It is of interest in applications to compute the displacement ÿeld, the electric potential ÿeld, the strain ÿeld, the stress ÿeld, the electric ÿeld, and the electric-displacement ÿeld which arise in the plate, due to the presence of the applied loads. According to the piezoelectric plate model proposed in Reference [10] , these ÿelds, which are of course deÿned over the three-dimensional region A, are parametrized by the unknown functions U , W , , and X , deÿned over the two-dimensional region . For example, the in-plane displacement ÿeld S, the transversal displacement ÿeld S and the electric potential ÿeld are given by
where a Cartesian reference frame (O; Y ; ) is chosen with the origin O on the middle cross-section of the plate and the -axis in the thickness direction. In particular, the meaning of the unknowns U , W , , , and X clearly appears: U , W , and are, respectively, the in-plane displacement, the transversal displacement and the electric potential of the middle cross-section, is the rotation of the transversal ÿbres and −X is the transversal electric ÿeld.
The unknown ÿelds are determined by solving the following two uncoupled boundary-value problems [10] M-Membranal (or stretching, or in-plane) problem: ÿnd (U ; X ) deÿned over and satisfying the equations
equipped with homogeneous Dirichlet boundary conditions; B-Bending (or transversal) problem: ÿnd ( ; W; ) deÿned over and satisfying the equations
equipped with homogeneous Dirichlet boundary conditions.
In Equations (3) and (4), div denotes the divergence operator acting on vector ÿelds, div denotes the divergence operator acting on tensor ÿelds, B denotes the gradient operator acting on scalar ÿelds, ∇ S denotes the symmetric part of the gradient operator acting on vector ÿelds, denotes the Laplace operator acting on scalar ÿelds and I is the unit second-order tensor over V . Moreover,
It is pointed out that the applied loads enter Equations (3) and (4) only through the quantities R * , * , M * , R * and * . For this reason, in what follows just these quantities (instead of P ± , P ± and ± ) will be regarded as data. Moreover, we will always suppose them to be smooth enough, namely L 2 -regular.
The membranal problem
Following the guideline used for elastic plate problems [14] , a sequence of problems, capable to lead to a good limit problem as the thickness approaches zero, is introduced. More precisely, the electro-mechanical loads are scaled in such a way to recover, at the limit t → 0, the Kirchho -type piezoelectric model proposed in Reference [11] . The following positions are thus introduced:
where R and are independent of t. Moreover, for the sake of simplicity, dimensionless quantities are introduced u = U =l = X 33 = c 11 r = Rl= c 11 = = 33 c 11 (7) where l is a characteristic in-plane length (e.g. the diameter of ). In addition, the following dimensionless material constants are deÿned: = c 12 = c 11 = 11 =(12 33 ) = e 31 = c 11 33 (8) and the slenderness (small) parameter is deÿned as follows:
It is easily seen that the membranal problem M is equivalent to the following system.
• Find (u; ), solution of equipped with homogeneous Dirichlet boundary conditions. Here and in the remainder of this section di erential operators are intended with respect to the dimensionless in-plane variable y = Y =l, which range in the domain ! = {y : ly ∈ }.
A classical functional framework is chosen for problem (10) . In particular, let (·; ·) denote the scalar product in L (10) is recasted into the variational formulation
The following result establishes the uniform boundedness of the family of solutions (u; ), as approaches zero, in the space 
It is easily recognized that problem (11) is equivalent to the following problem.
•
The space H 
with respect to which A M is bounded:
A M (u; ; C; )6C|||u; ||| |||C; ||| (16) In addition, since | |¡1, A M is also coercive with respect to the ||| · |||-norm, as a consequence of Korn's inequality:
Hence, by the Lax-Milgram lemma it follows that problem (14) has a unique solution. Estimate (12) is an easy consequence of the standard theory.
Furthermore, by using estimate (12) , the following proposition follows. 
Remark 2.1. It is remarked that problem (18) , in di erential form, reads as follows:
• Find (u 0 ; 0 ), solution of
which is just the limit of the system (10) as approaches zero. In particular, u 0 solves the di erential equation in
and 0 is then post-computed by the equation
Of course, no boundary conditions can be imposed on 0 in the limit problem. We remark that the loss of boundary conditions for 0 causes, in general, a boundary layer e ect. The study of such phenomenon, altough very interesting, is not investigated in the present paper. The above equations ÿt the framework of the Kirchho -type piezoelectric plate theory recently proposed by Bisegna and Maceri (cf. Reference [11] ). More precisely, it is the governing equation for the in-plane mechanical equilibrium. Remark 2.2. It is pointed out that the membranal piezoelectric problem is essentially an elliptic problem, so that standard ÿnite elements should properly work and no pathological phenomena such as locking e ects should occur.
The bending problem
As in the previous case, the electromechanical loads are scaled in such a way to recover, at the limit t → 0, the Kirchho -type piezoelectric model proposed in Reference [11] . The following positions are thus introduced:
where M , R and are independent of t.
In addition, the following dimensionless quantities are deÿned:
= l= √ c 44 11 (23) together with some dimensionless material constants
Ä = e 15 = √ c 44 11 and the following slenderness (small) parameter
It is easily seen that the bending problem B is equivalent to the following system.
• Find (Â; w; ÿ), solution of
Here and in the remainder of this section di erential operators are intended with respect to the dimensionless variable y. Moreover, let us notice that for Ä = 0 problem (26) turns out to be the usual purely elastic plate problem. Thus, in the sequel we will only consider the case Ä = 0. This system is then recasted in a variational formulation as follows. where
A glance at it reveals that a ÿrst drawback stands in its lack of symmetry. In order to ÿnd out an equivalent variational formulation overcoming this di culty, the third equation of (26) is modiÿed. It is multiplied by −1 and the result is added with the second of (26) multiplied by (1 + 2 )Ä. Then, the di erential problem (26) has been changed into the following problem.
Trivially, the following proposition holds.
Proposition 2.3. The two problems (26) and (29) are equivalent.
A variational formulation of problem (29) reads as follows: 
It is easily recognized that the variational problem (29) may be written as In order to understand the behaviour of the solution (Â; w; ÿ) as the parameter approaches zero, the subspace
i.e. K is the kernel of the continuous bilinear form A S (cf. (33)). Due to the continuity, K is a closed subspace of
First, the following lemma is proved.
Lemma 2.1. The bilinear form A B deÿned by (32) is coercive over the subspace K.
Proof: Let (Á; ; ) ∈ K. By Korn's inequality
by which 
follows by a little algebra along with PoincarÃ e's inequality. The proof is thus complete.
Now it is not di cult to prove the proposition.
Proposition 2.4. Let (Â; w; ÿ) be the solution of variational problem (35). Then (Â; w; ÿ) strongly converges, as approaches zero, to (Â 0 ; w 0 ; ÿ 0 ) ∈ K, solution of the following problem.
• Find (Â 0 ; w 0 ; ÿ 0 ) ∈ K, solution of
where L 0 is deÿned by
Moreover, (Â 0 ; w 0 ; ÿ 0 ) = 0 if and only if L 0 ∈ K 0 , K 0 being the polar set of K.
Proof: As it is straightforward to check that L strongly converges to L 0 , the proof is a direct consequence of the abstract result given in the appendix, together with Lemma 2.1. Proposition 2.4 says that problem (35) is nothing but a penalization of the constrained limit problem (42). This suggests to pass to a mixed formulation of the problem. More precisely, we set
as Lagrange multiplier, and we get in a standard way the following mixed variational formulation of the problem.
• Find (Â; w; ÿ;
For problem (45) we have the following.
Proposition 2.5. Problem (45) has a unique solution (Â; w; ÿ;
, where (Â 0 ; w 0 ; ÿ 0 ; 0 ) is the solution of the problem
Above, H −1 (div; !) is the Hilbert space deÿned by
equipped with the norm
our mixed problem can also be written as
where
DISCRETIZATION OF THE PROBLEM
Aim of this section is to discuss the discretization of the piezoelectric problem by means of ÿnite element techniques (cf. References [14; 15] , for instance). As established in the previous section, we know that we are dealing with two uncoupled problems, so that we will treat them separately.
Moreover, in what follows, we will suppose that our computational domain ! is partitioned by means of a sequence of quadrilateral regular meshes T h , where h represents the mesh size.
The discretized membranal problem
We notice that the membranal problem is essentially an ellptic problem, so that a standard discretization will lead to performant results. Thus, choosing U h ⊂ H 1 0 ( ) 2 and X h ⊂ H 1 0 ( ) conforming ÿnite element spaces, we consider the problem
For such a problem standard techniques for error analysis give the following.
Proposition 3.1. System (52) has a unique solution (u h ; h ) ∈ U h × X h . Moreover, the following estimate holds:
where (u; ) is the solution of problem (11) .
For example, if we choose both U h ⊂ H 1 0 (!) and X h ⊂ H 1 0 (!) as the classical isoparametric bilinear ÿnite element space, we have the following error estimate.
where (u; ) is the solution of problem (11).
The discretized bending problem
In this section we will deal with formulation (30) as the starting point of our discretization. Therefore, we here recall that we are considering the variational problem
which can also be written as (cf. 
The presence of the parameter −2 in front of the bilinear form A S in (56) suggests that, when is small, a naive discretization (i.e. a standard discretization) will possibly lead to pathologies such as locking phenomenon, which already occurs in considering purely elastic Reissner-Mindlin plates. We thus propose to discretize the bending problem by means of a mixed formulation. More precisely, we here consider an element based on the linking technique, presented in Reference [13] and theoretically analysed in Reference [12] within the context of purely elastic plates. We ÿrst set
where ( ; Á) are the standard isoparametric co-ordinates of K.
We then select
where Q r (T ) is the space of polynomials deÿned on K of degree at most r in each isoparametric co-ordinate and Á, while
. Moreover, we take
and
Let us now introduce for each K ∈ T h the functions
In (61) { i } 16i64 are the equations of the sides of K and the indices (i; j; k; m) form a permutation of the set (1; 2; 3; 4). Thus, the function ' i is a sort of edge bubble relatively to the edge e i of K. Let us set
We introduce the operator L, which is locally deÿned (cf. Reference [13] ) as
by requiring that
Therefore, we will deal with the problem Problem (65) can also be written as
where A h (Â h ; w h ; ÿ h ; h ; Á; ; ; 
We will develop our stability analysis by means of the norm
We have the following proposition. 
(ii) Choose now 2 = 0, 2 = 0, s 2 = 0 and
which easily implies
Moreover, In the error analysis which follows, we will use a result concerning the linking operator L, whose proof can be found in Reference [12] . In fact, we have 
By using the techniques developed in Reference [12] , it is not hard to obtain the following error estimate.
2 be the solution of the continuous problem (45). Then we have
Proof: We only sketch the proof, since it is very similar to that given in Reference [12] . Let Â II ∈ h be the Lagrange interpolant of Â; w I ∈ W h and ÿ I ∈ h be the ones for w and ÿ, respectively. Finally, let * ∈ h be the L 2 (!)-projection of . By Proposition 3. 
Above, the only term which is not straightforward to bound is
We notice that
so that
Hence, our term to treat turns out to be
By using Lemma 3.1 we easily get
From (87) we obtain
by which, using (86) and the triangle inequality, we get (84).
NUMERICAL TESTS
Aim of this section is to present some numerical tests showing the behaviour of the interpolating schemes previously considered, relevant to both membranal and bending problems. The schemes have been implemented into the ÿnite element analysis program (FEAP) (cf. Reference [16] ), and their performances have been checked on a series of model problems for which the analytical solutions can be easily obtained. This allows to determine the discrete-solution error. The model problems consider a square plate of unit side. Two di erent aspect ratios are investigated: t=l = 0:001 and 0:2, corresponding to a 'thin' and a 'thick' plate, respectively. The plate is simply supported and grounded along its boundary, and is comprised by a homogeneous linearly piezoelectric transversely isotropic material, whose elastic, dielectric and piezoelectric properties are reported in Table I . The in-plane characteristic length l is taken equal to the side of the plate. The Cartesian frame is chosen such that the middle cross-section is
All the analyses are performed using regular meshes and discretizing only one-quarter of the plate, due to symmetry considerations.
Membranal problems
The following three loading conditions are considered:
• Load a: r = r 0 cos( y 1 ) sin( y 2 ) sin( y 1 ) cos( y 2 ) = 0
• Load b:
• Load c:
Under the previous loading conditions, the analytical solutions of system (10) are, respectively, given by The results obtained in the numerical computations are reported, respectively, in Tables II-IV together with the analytical solutions. In the tables, the unknown u 2 is computed at the point P 2 (1=2; 0), while the unknown is computed at P 1 (1=2; 1=2).
The error of a discrete solution is measured as
where the ÿeld f is either u 1 , u 2 or and the sum is performed over all the nodal points N i . It is pointed out that the above error measure can be seen as discrete L 2 -type error. Figures 1 and 2 show the relative errors versus the number of nodes per side, respectively, for the case of thin and thick plate. Load cases a, b and c are plotted by using solid, dotted and dash-dot lines, respectively. The error lines for the ÿelds u 2 and are distinguished by using a circle and a ×-mark, respectively. It is interesting to observe that both the ÿgures show the quadratic convergence rate for all the unknown ÿelds and all the loading conditions. Of course, the attained h 2 convergence rate in these norm actually means a h 1 convergence rate in the H 1 energy-type norm.
Bending problems
The following four loading conditions are considered: • Load b: Tables V-VIII together with the analytical solutions. In the tables, the unknowns w and ÿ are computed at the point P 1 ( 1 2 ; 1 2 ), while the unknown Â 2 is computed at P 2 ( 1 2 ; 0). The error of a discrete solution is measured as indicated in Equation (94), where f is either w, Â 1 , Â 2 or ÿ. For simplicity, the summations are performed on all the nodes N i relative to global interpolation parameters (that is, in the error evaluation the internal parameters associated with bubble functions are neglected). Figures 3 and 4 show the relative errors versus the number of nodes per side, respectively, for the case of thin and thick plate. Load cases a, b, c and d are plotted by using solid, dotted, dash-dot and dashed lines, respectively. The error lines for the ÿelds w, Â 2 and ÿ are distinguished by using a circle, a ×-mark and a square, respectively. It is worth noting that:
• at least the quadratic convergence rate for all the unknown ÿelds and all the loading conditions is attained; as said above, the attained h 2 convergence rate in these norm actually means a h • the presented method is fully insensitive to the variation of thickness, in such a way that the error graphics for di erent choices of the aspect ratio all show at least a quadratic convergence rate. As a consequence, the proposed element is actually locking-free and it can be used for both thin and thick piezoelectric plate problems.
CONCLUSIONS
The numerical schemes proposed have been tested on a series of model problems; the numerical investigations clearly show that the adopted schemes have the appropriate convergence rate.
In conclusion, the present study highlights that the only possible pathology associated with a ÿnite-element discretization based on the piezoelectric plate model proposed in Reference [10] is the classical locking phenomenon. At the same time, both the theoretical and the numerical investigations show that a typical locking treatment as proposed in Reference [12] is su cient to overcome the same e ect for the piezoelectric case.
Finally, we observe that if very special situations would occur advising the use of higher-order theories of piezoelectric plates, then numerical treatments of those theories would be required. To the authors' knowledge, such treatments are not available in the literature. The present work can constitute a guide for the theoretical development and evaluation of numerical treatments of high-order theories.
APPENDIX A: AN ABSTRACT CONVERGENCE RESULT
The aim of this section is to slightly extend the convergence result given in Reference [17] . More precisely, the following variational problem is studied:
Above, V is a Hilbert space with norm ||·||, a 0 (·; ·) and a 1 (·; ·) are continuous symmetric positivesemideÿnite bilinear forms, and L belongs to V , the topological dual space of V . Moreover, is a real parameter such that 0¡ 6 0 . We are interested in studying the behaviour of the solution u as → 0, under suitable hypotheses generally met in most applications, especially in the linear theory of thin structures. We remark that such an analysis has been already developed in Reference [17] for the case of L ∈ V independent of . We make the following assumptions:
• The form a 0 (·; ·) + a 1 (·; ·) is coercive on V , i.e. there exists ¿0 such that
• The kernel K of a 1 (·; ·), deÿned by
is not trivial, i.e. K = (0).
We are now ready to prove the following.
Proposition A.1. Under the above hypotheses; problem (A1) has a unique solution u ∈ V . Furthermore; u strongly converges in V; as → 0; to u 0 ∈ K; solution of the variational problem
Finally; u 0 = 0 if and only if L 0 ∈ K 0 ; K 0 being the polar set of K.
Proof: The proof follows the guidelines detailed in Reference [17] . First of all, by Lax-Milgram lemma (cf. also (A2)) one has that problem (A7) is uniquely solvable. Choosing in (A1) v = u one obtains
where the last inequality follows also from the strong convergence hypothesis L → L 0 . Hence we have that the family (u ) is bounded in V . Therefore, there exists a subsequence of (u ), still denoted by (u ), which weakly converges to a certain limit w 0 ∈ V . We now multiply Equation (A1) by 2 , thus obtaining
Passing to the limit as → 0, since u → w 0 weakly, and since the dual norms ||L || * are bounded uniformly in , one has a 1 (w 0 ; v) = 0 ∀v ∈ V (A7)
Hence w 0 ∈ K. Next, we choose v ∈ K in Equation (A1) and ÿnd that
Again, passing to the limit as → 0, one has that the limit w 0 solves
Since, by Lax-Milgram lemma, the variational problem (A4) has a unique solution u 0 ∈ K, it follows that w 0 = u 0 . We proceed by showing that the convergence of the subsequence (u ) to u 0 is indeed strong. We have
As we have
from (A10) we get
it follows from (A14) that
Hence u → u 0 strongly in V . To summarize, we have shown that any weakly convergent subsequence of (u ) converges indeed strongly to the same limit u 0 ∈ K, solution of problem (A4). This means that the only cluster point of the whole family (u ) is u 0 . As (u ) is bounded, it follows that the whole family strongly converges to u 0 . The proof is thus complete.
APPENDIX B: A BRIEF DERIVATION OF THE PIEZOELECTRIC PLATE MODEL
In this section we outline a brief derivation of the piezoelectric plate model proposed in Reference [6] , in order to emphasize the hypotheses on which this model is based. For a more detailed discussion, we refer to the original paper.
As a starting point, we consider a weak formulation [4] 
Here T is the in-plane stress, is the transversal shear stress, is the normal stress in the thickness direction, d is the in-plane electric displacement, d is the electric displacement in the thickness direction, tr denotes the trace operator, an apex denotes the di erentiation with respect to and n is the exterior normal to the lateral boundary of the plate. 
We recall that, essentially without loss of generality, no body loads are considered and the plate is assumed to be clamped and grounded along its lateral boundary @ × (−t=2; t=2). If this were not the case, straightforward modiÿcations of H would be needed, but the present derivation of the plate model would remain essentially unchanged.
With a view toward deriving the plate model, a partially mixed formulation is obtained from (B1), by enforcing a priori the stationarity conditions of H with respect to T and d . After simple computations, we obtain 
deÿned on the manifold: S = 0 and = 0 on @A. Hereˆ 33 = (c 13 33 + e 31 e 33 )=c 33 . The functional R is the extension to piezoelectric bodies of a functional introduced by Reissner [18] . Needless to say that the variational formulations (B1) and (B3) are exact consequences of the Voigt theory of piezoelectricity. In order to derive models of piezoelectric plates, simplifying hypotheses concerning the structure of the involved ÿelds have to be introduced.
The hypotheses underlying the model proposed in Reference [10] are:
(i) the transversal normal strain S vanishes; (ii) the transversal shear strain BS + S is constant in the thickness; (iii) the transversal electric ÿeld − is constant in the thickness. The approximations introduced by these hypotheses are mitigated [19] by complementing them with the following 'dual' hypotheses:
(i ) the transversal normal stress vanishes; (ii ) the transversal shear stress is constant in the thickness; (iii ) the transversal electric displacement ÿeld d is constant in the thickness.
The hypotheses (i), (ii) and (i ) are the classical hypotheses of the Reissner-Mindlin theory of elastic plates. The hypothesis (iii) was introduced ÿrst in Reference [2] , then enforced, among others, in References [3] and [8] . The hypothesis (ii ) was adopted in Reference [2] . It is emphasized that none of the previous hypothesis is a rigorous assumption, even if the plate thickness aspect ratio approaches zero [20] . As a matter of fact, this 'drawback' is shared by the celebrated Reissner-Mindlin theory of elastic plates, since it is well known that elastic plates do not fulÿl any of the hypotheses (i), (ii) and (i ), even if the plate thickness aspect ratio approaches zero. Of course, it is the very essence of a modelization to retain only some features of a complex problem and to neglect the remaining ones. As it is shown in appendix C, the piezoelectric plate model proposed in Reference [10] is able to grasp the main features of the problem, in most of practical situations.
As a consequence of the hypotheses (i), (ii) and (iii), the displacement ÿeld and the electric potential ÿeld can be represented by means of the unknown functions U ; W; ; and X , deÿned over the two-dimensional region , according to Equation (2) . Analogously, as a consequence of the hypotheses (i ); (ii ) and (iii ), the transversal normal-and shear-stress ÿelds and the transversal electric-displacement ÿeld can be represented by means of the unknown functions V and D, deÿned over the two-dimensional region , according to the equations By substituting the representation formulas (2) and (B4) into Equation (B3) and performing the integration with respect to the thickness variable , the functional R is transformed into
where 
The functional P is deÿned on the manifold: U = 0, X = 0, = 0 and = 0 on @ . It completely characterizes the piezoelectric plate model proposed in Reference [10] . In order to derive the ÿeld equations (3) and (4) presented in Section 2, a total-potential-energy functional is carried out. It is obtained by enforcing a priori the stationarity conditions of P with respect to D and V . After simple calculations, we get the functional
The functional E is deÿned on the manifold: U = 0, X = 0, W = 0, = 0 and = 0 on @ . It is an easy task to verify that the ÿeld equations (3) of the membranal problem are obtained as stationary conditions of E with respect to U and X , and the ÿeld equations (4) of the bending problem are obtained as stationary conditions of E with respect to , W and . Of course, this variational formulation supplies also the compatible boundary operators [21] , which are not reported here for the sake of brevity.
APPENDIX C: A CRITICAL EVALUATION OF THE PIEZOELECTRIC PLATE MODEL
In this section, in order to emphasize the scope of the model proposed in Reference [10] and adopted in this paper, we refer to the problems introduced in Section 4 and present a thorough analytical comparison between the results supplied by the present model, reported in Section 4, and the ones supplied by the Voigt theory of piezoelectricity, reported in what follows. To the authors' knowledge, such an analytical comparison was not performed for other existing models of piezoelectric plates.
C.1 Membranal problems
The loading conditions are the ones considered in Section 4.1. Under those loading conditions, explicit solutions, computed in the framework of the Voigt theory of piezoelectricity, are available in the literature [20] . Those solutions were expanded in Reference [20] as power series of the slenderness parameter , and the leading-order terms of the expansions are reported here:
• Load a: It is emphasized that in all load cases the leading-order terms of the Voigt solutions for u and are exactly coincident with the leading-order terms of the solutions supplied by the model proposed in Reference [10] . Hence, in particular, this model accounts for the correct value of the membrane mechanical sti ness, electric capacity and piezoelectric coupling. The model proposed in Reference [10] is unable to give s, due to the hypothesis (i) introduced in Appendix B. This drawback, which is shared by most of existing models of piezoelectric plates and even by the celebrated Reissner-Mindlin theory of elastic plates, is almost always negligible in practical applications. In situations where the computation of s could be useful, the model proposed in Reference [8] would be indicated.
C.2. Bending problems
The loading conditions are the ones considered in Section 4.2. As in the previous case, explicit solutions, computed in the framework of the Voigt theory of piezoelectricity, are available in the literature [20] . The leading-order terms of their expansions as power series of the slenderness parameter are reported here:
• Load a: We emphasize that in the situations corresponding to load cases a, b and c the model proposed in Reference [10] supplies very satisfactory results. In particular, it accounts for the correct bending sti ness of the piezoelectric plate, and this is a very valuable feature in practical applications. Indeed, the leading-order terms of the solutions for Â and w that it supplies are exactly coincident with the leading-order terms of the Voigt solution. Moreover, since 1=2 −1=2 (6z 2 − 1=2) dz = 0, we point out that the model proposed in Reference [10] supplies the exact mean value of the electric potential: this is of course the best result obtainable under the assumption (iii) introduced in Appendix B and is su cient for most of practical applications. A less satisfactory result is obtained in the situations corresponding to load case d, since only the electric potential is exactly estimated. More satisfactory results in these situations could be obtained by using the higher-order model proposed in Reference [9] , or, alternatively, by using the model proposed in Reference [10] in the framework of a layer-wise modellization of the plate, regarded as a bilayer structure [22] . As a matter of fact, load case d involves electric-charge distributions with the same sign on the two surfaces of the plate: this is completely unrealistic, since in applications a piezoelectric plate used as a sensor or an actuator behaves as a capacitor, and hence the electric-charge distributions have opposite signs on the two surfaces. We can conclude that the model proposed in Reference [10] joins the simplicity and easiness of a ÿrst-order model with the ability to supply results which are very valuable in practical applications.
